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Minimizing Loss = Maximizing Reward
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State space

Electric
shocks
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A Markov Decision Problem dh
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Actions

Action left
Action right
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Actions

Action left

Action right
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Markovian dynamics

P(8t+1|&t, Sty t—1,5t—1,0t—-2,5¢t—-2, """ ) — P(St+1\at, St)

Velocity
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Markovian dynamics

P(8t+1|&t, Sty t—1,5t—1,0t—-2,5¢t—-2, """ ) — P(St+1\at, St)

Velocity

position ]

;. " ;.
s’ = |position| — s = [ velocity
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A Markov Decision Problem dh
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Tall orders dh

» Aim: maximise total future reward

O

Tt
t=1

» I.e. we have to sum over paths through the
future and weigh each by its probabillity

» Best policy achieves best long-term reward
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Exhaustive tree search

al a2

decision 1 =

03 ol 03
02 02

ol

a3 a3 ad a3 ad a3 a4

decision 2 = o
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Decision tree
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Decision tree
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Decision tree
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Policy for this talk =

Pose the problem mathematically

Policy evaluation

Policy iteration

Monte Carlo technigues: experience samples
D learning

vV vV vV vV V9

Policy

Evaluate > Update
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Evaluating a policy &

» Aim: maximise total future reward

3O

>

t=1

0 know which Is best, evaluate It first

'he policy determines the expected reward
from each state

Vi(s1) = E ZTt,Sl:laatNﬂ'

=1
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» Given a policy, each state has an expected

value o
Vi(s1) = E Zfrt\sl =1l,a; ~
t=1 _
» But: in ~ o
t=0

» Episodic 2 rt<

©. @)

» Discounted ;
. o . ’}/ Tt < X0 T
e |nfinite horizons i=o thrt
t=0

e finite, exponentially distributed horizons ., L /-
T
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» Given a policy, each state has an expected
value s '
VW(Sl) — K Zrt‘SlzlaatNﬂ- ;—l}-
| t=1 _

» But: in ~ 5

t=0

» Episodic 2 rt<

©. @)

» Discounted ;
. o . ’}/ Tt < X0 T
e |nfinite horizons i=o thrt
t=0

e finite, exponentially distributed horizons ., L /-
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Markov Decision Problems

0O

d, [7’1|St — S,TF] + It Zfrt|8t =S,
| =2 J
, [VW(St_|_1)‘St — S,?T]

|
»
=l
4+

— “:[7“1|8t

This dynamic consistency is key to many solution approaches.
It states that the value of a state s is related to
the values of its successor states s’.
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_ at
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Markov Decision Problems

E |ri|s; = s, 7]

E |ri] st = s, 7]

R(S27 ai, 81)

Z p(St+1l8t, ar)R(St41, at, S¢)

St41

Z p(St+1]8¢, ar)R(St41, A, St)

+ K [V(St+1)7 7'(']




Bellman equation

V7™ (s¢) E[ri|s: = s 7T] +E |V (sti1), 7

E|ri|s;, ] = Zw(a,st) Z spsp 1 R(St+1, @, St)

a | St+1

E[VW(SH_l),TF,St] — ZTF(CL,St) Z St8t+1v7r St_|_1

a | St+1

VT(s)]
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Bellman Equation =

Vi(s) = Y mlals) | ) T [R(s' a,s) + V7 (s')]
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Bellman Equation :

Al future Immediate A futu(;e
reward = E + rewar
reward from

from state s
next state s’

Vi(s) = Y mlals) | ) T [R(s' a,s) + V7 (s')]
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Q values = state-action values

> wlals) | ) T [R(s' a,8) + V7 (s)

Q7 (s,a)

» SO we can define state-action values as:

QA(s,a) = Z R(s',a,s) +V(s')]

O

= K Zrt\s,a

=1

» and state values are average state-action

values:
ZW(&\S)Q(S a
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Bellman Equation =

Vi(s) = Y mlals) | ) T [R(s' a,s) + V7 (s')]

» to evaluate a policy, we need to solve the above
equation, I.e. find the self-consistent state
values

» options for policy evaluation
® cxhaustive tree search - outwards, inwards, depth-first
e value iteration: iterative updates
® [inear solution in 1 step
e sampling
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Solving the Bellman Equation

Option 1: turn it into update equation

Option 2: linear solution

Vi(s)

= v
= v

(w/ absorbing states)

Zw(a, St ) Z?;C;, R(s",a,s)+ V(s')]

R"+T"v
I-T") 'R"™ o(1SI*)
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Solving the Bellman Equation

Option 1: turn it into update equation

Vk—l—l

ZT{' a, s¢) Z’Z;‘;, R(s',a,s) + VF(s]

Option 2: linear solution

Vi(s)

= v
= v

S/

(w/ absorbing states)

Z 7;?9’ [R(Slv a, 3) T V(S/)]

—IR" O(IS*)
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Policy update =

Given the value function for a policy, say via linear solution

Vi(s) = Y mlals) | ) T [R(s'sa,s) + V7 (s')]

Q7 (s,a)
Given the values V for the policy, we can improve the policy by always
choosing the best action:

lifa = argmax, Q7 (s,a
™ (als) :{ 0 else i o

It is guaranteed to improve:

/_\ for deterministic policy
Q" (s,m'(s)) = max Q"(s,a) > Q7(s,m(s)) = V" (s)

a
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Policy Iteration =

Policy evaluation

v = (I— T7T)—1R7T

. — a a P o/
r(als) = { lifa = argmax, Y, 7% |R% + VP'(s')]

0 else
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Policy Iteration =

Policy evaluation

v = (I— T7T)—1R7T

greedy policy improvement

. — a a P o/
r(als) = { lifa = argmax, Y, 7% |R% + VP'(s')]

0 else
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Policy Iteration =

Policy evaluation

v = (I— T7T)—1R7T

Value iteration

V*(s) = max } T35 [RE, + V*(s')]

greedy policy improvement

. — a a P o/
r(als) = { lifa = argmax, Y, 7% |R% + VP'(s')]

0 else
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Model-free solutions dh

» So far we have assumed knowledge of Rand T

e R and T are the ‘model’ of the world, so we assume full
knowledge of the dynamics and rewards in the
environment

» What if we don’t know them?
» We can still learn from state-action-reward
samples

® Wwe can learn R and T from them, and use our
estimates to solve as above

® alternatively, we can directly estimate V or Q
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Solving the Bellman Equation

Option 3: sampling

Zw(a, St) Z?;C; R(s",a,s)+ V(s

So we can just draw some samples from the policy and the transitions
and average over them:
Z f(rr)p(zr)

(')Np :_Zf (Z)
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Solving the Bellman Equation

Option 3: sampling

this is an expectation over policy and transition samples.

So we can just draw some samples from the policy and the transitions
and average over them:
Z f(rr)p(zr)

(')Np( :_Zf (@)
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Solving the Bellman Equation

Option 3: sampling

this is an expectation over policy and transition samples.

So we can just draw some samples from the policy and the transitions
and average over them:
Z f(rr)p(zr)

(')Np( :_Zf (@)

more about this later...
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Learning from samples

A new problem: exploration versus exploitation
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The effect of bootstrapping =

g: V(B)=3/4
V(A)=0
5 A
-
-
-
BO
V(B)=3/4
A0 BO
V(A)=~3/4

» Average over various bootstrappings: TD()N

after Sutton and Barto 1998
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Monte Carlo dh

» First visit MC

e randomly start in all states, generate paths, average
for startmg state only

Z< Zrt]so—s

\t'=1 y,

V

» More efficient use of samples!
® Fvery visit MC |
e Bootstrap: TD
® Dyna

» Better samples

® 0on policy versus off policy T R T
e Stochastic search, UCT...
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Update equation: towards TD

Bellman equation

Vis) = » m(a,s) |y T&I[R(s a,s)+ V()]

Not yet converged, so it doesn’t hold:

dV(s)=—=V(s)+» m(a,s) | Y T&I[R(s' a,s) + V()]

S/

And then use this to update

Vitl(s) = Vi(s) + dV (s)
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1D learning B

dV(s)=—=V(s)+» m(a,s) | Y T&I[R(s' a,s)+ V()]

S/
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1D learning B

dV(s)=—=V(s)+» m(a,s) | Y T&I[R(s' a,s)+ V()]

a; ~ w(alst)

Sample Sti1 Q;itstﬁ
Tt — R(st+1,at, St)
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1D learning =

dV(s)=—=V(s)+» m(a,s) | Y T&I[R(s' a,s)+ V()]

a; ~ w(alst)

Sample Sti1 Q;itstﬁ
Tt — R(st+1,at, St)

0t = —Vi_1(st) + 71 + Vie1(St41)
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1D learning .

AV (s) = =V(s) + ) _m(a,s) Z Rl a9+ V)

ay W(&‘St)

Sample St4+1 7?9??&4-1
ry = R(Sta1,0¢,St)
0 = —Vie1(se) +re + Viea(Se41)
V() = Vi) £ aV(s) V() = Vialsd) + o8
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1D learning E

a; ~ m(alsy)

Str1 ~ Tls,
ry = R(Sta1,0¢,St)
0y = —Vi(s¢) +1¢ + Vi(se41)
Vit1(se) = Vi(se) + ady
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Phasic dopamine neurone firing in &

» Pavlovian conditioning

Montague et al., 1996, Schultz et al., 1997
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Phasic dopamine neurone firing in &

» Pavlovian conditioning

Vt_|_1(5) — Vt(S) + € (Rt = Vt(S))
N ca—

— Prediction error

Montague et al., 1996, Schultz et al., 1997
RL SWcC Quentin Huys ‘




Phasic dopamine neurone firing in &

» Pavlovian conditioning

A B
early reward

alig

late no reward
ms He

0 1
stlmulus iL(S) reward—T E( S) t(s)

Vt_|_1(5) — Vt(S) + € (Rt = Vt(S))
N ca—

— Prediction error

Montague et al., 1996, Schultz et al., 1997
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Phasic signals in humans

B *
0.008 1 *
1-
0.004- 5
Q0.5
N 3
b N
©
2 o0 e
w unexpected D 0f
[ - UNexpected gain
m expected - Unexpected loss
-0.004 - reward 0.5
m reward expected, e —_—
not received 200 400 600 800
NS Time (msec)

D’Ardenne et al., 2008 Science; Zaghloul et al., 2009 Science
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Blocking &

» Are predictions and prediction errors really
causally important in learning?

I__
>
A B

A

1. A ->Reward

2.  A+B -> Reward

3. A ->7approach
B -> " approach

Response

Kamin 1968
RL SWcC Quentin Huys ‘




Causal role of phasic DA in learning #

Single Compound Test
cue cue
14-15d 4d 1d
<) LY b6 |
A = US AX == US X?
-

With paired or unpaired
optical stimulation

——@— N Blocking
25 7 (n=12)
—{1— [ Control
20 - (n=11)
P =0.095
15+ *%
—
10 -
5 -
0 I ]
1 trial 3 trials

Paired stimulation
e — Cue AX

= _ m limein port

L LLLL L US (sucrose)

+Stim

Unpaired stimulation
I Cue AX

| _ =  Time in port

Emmmmm US (sucrose)

stm €[ 11111

f ,L, —— M PairedCre”
* % (n = 9)
159 M - =

O PairedCre™
10 - (n=10)
P =0.055
5
0 - T 1

1 trial 3 trials

Steinberg et al., 2013 Nat. Neurosci.
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Markov Decision Problems

V(St) — ‘L:Tt—|—7“t__1—|—7°t_|_2—|—...]
— "3:7"‘75: =+ 43:7“75_|_1 T T2 T T3 - ]
— V(St) — 43:7“75: -+ V(St_|_1)
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“Cached” solutions to MDPs
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“Cached” solutions to MDPs

» Learn from experience
» If we have true values V, then this Is true every

V(st) = Elry] + V(st41)

trial:

» If it is not true (we don’t know true V), then we

get an error:
6 = (E
» SO NOW We ca

7] + V(si41)) — V(se) #0

N update with our experience

Vi(st) < Vi(sy) + €0

» Thisis an average over past experience

RL

SWC
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SARSA &

» Do TD for state-action values instead:

Q(st,ar) < Q(st,a¢) + alry +yQ(St41,ae41) — (8¢, a¢)]

Sty Qts Tty St4+1,At41

» convergence guarantees - will estimate Q™ (s, a)

RL SWC Quentin Huys



Q learning: off-policy =

» Learn off-policy
® draw from some policy
® “only” require extensive sampling

Q(St, at) — Q(St, at) + o |1+ Wm;lX Q(St+1, &) —Q(St, at)

N————— —
update towards

optimum

» will estimate 27(s,a)
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MF and MB learning of V and Q valués

Model-free
Pavlovian (state) values YME(s)
Instrumental (state-action) values oM (s, a)

There are both Pavilovian state and instrumental state-action values, and both of these can be either
model-free (cached) or model-based.
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Solutions dh

t 9 ' If you have an average over large number of subjects, |
» “Cached” learning v 9 9 i ]

it won’t move much if you add one more.
® average experience
® do again what worked in the past

® averages are cheap to compute - no computational
curse

® averages move slowly

RL SWC Quentin Huys



Solutions h

t & ' If you have an average over large number of subjects,
» “Cached” learning youhave an average over arg | ]

it won’t move much if you add one more.

average experience I ——

® do again what worked in the past

® averages are cheap to compute - no computational
curse

® averages move slowly

» “Goal-directed” or “Model-based” decisions

Req
Req

Ul
Ul

L Ed

Think through possible options and choose the best

res detailed model of the world
'es huge computational resources

i

ng = building the model, extracting structure

RL
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MF and MB learning of V and Q valués

Model-free Model-based
Pavlovian (state) values YME(s) YMB(s)
Instrumental (state-action) values oM (s, a) oMB(s, a)

There are both Pavilovian state and instrumental state-action values, and both of these can be either
model-free (cached) or model-based.

RL SWcC Quentin Huys



Pavlovian and instrumental

» Pavlovian model-free learning:
Vt(S) — Vt_l(S) -+ E(?“t — Vt_l(S))

plals,V) o f(a,V(s)) plals)

» Instrumental model-free learning:
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Innate evolutionary strategies

-'." NE LR oMWELIral iR B

O SRREEERANT N v"/ CNENILT TRAVNR T

AbbgllfOfﬂ =N } -)” S AEPCATR o “’ _._ P “}rj
.. X3 g ot : y W
: #3 /}‘9

..7 oo Y 5T y 3 L
, 2 3 ,',/ !

0o O
Pullman Moscow

X o~
&

"o

Lewiston

=5 nel l::::. \;l:‘: S () /‘ 7 ? V'.:' :

713‘\?"' ot -

J Walla Walla,f:,‘,‘r; TN $o

4 : e =~ /] ‘
7 e "J‘W './‘ “r.(, ;‘”
2y ‘1.' ).-"q.‘ oy o ) ‘f’ 2 ':
Vancouver . FEOH W o g0
" "r:»& i 34 &y 7 1 o8 X ' 'y /‘_ *.'):
AT I Hillshorao - A i .”/” R N | L

Hirsch and Bolles 1980
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Innate evolutionary strategies

po ionotlls

Hirsch and Bolles 1980
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Innate evolutionary strategies
are quite sophisticated...

‘ po|ionotIls

more
survive

fewer
survive

more
survive

Hirsch and Bolles 1980
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Unconditioned responses

*powerful
*inflexible over short timescale
*adaptive on evolutionary scale

Hershberger 1986
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Unconditioned responses

*powerful
*inflexible over short timescale
*adaptive on evolutionary scale

Hershberger 1986

RL SWcC Quentin Huys



Affective go / nogo task

Go

Nogo

Guitart-Masip et al., 2012 J Neurosci
RL Swc Quentin Huys

Rewarded

Avoids loss




Affective go / nogo task

Probability(Go)

Probability

Go rewarded
Go to win

1
5
205
@)
o

0

//N‘”W"V’VV""W

20

40

60

Nogo

Rewarded

Avoids loss

Go

Goto Goto Nogoto Nogo to
Win Avoid Win Avoid

Go punished
Nogo to avoid

Guitart-Masip et al., 2012 J Neurosci
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Affective go / nogo task

Nogo

Rewarded

Avoids loss

Go

Probability
correct
o
A

0
Goto Goto Nogoto Nogo to
Win Avoid Win Avoid
Go rewarded Nogo punished Nogo rewarded Go punished
Go to win Go to avoid Nogo to win Nogo to avoid
1 ] 1 1
= WVV’V’M
3 WMW\,\
2
=§0.5 0.5 0.5
|
O
S
o
0 0 0
20 40 60 20 40 60 20 40

Guitart-Masip et al., 2012 J Neurosci
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Models n‘
» Instrumental nn

pe(als) o< Qi(s, a)
Qir1(s,a) = Q(s,a) + a(ry — Qi(s,a))

Go rewarded Nogo punished r“ Go punished
Go to win Go to avoid Nogo to avoid
1 ] 1 1|
o
O
5 0.5 0.5
@©
QO
=
o
0 0
20 40 60 20 40 40 60

Guitart-Masip et al., 2012 J Neurosci
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Instrumental + bias

Probability(Go)
o
o1

Go rewarded

Go to win

20

40

60

Avoids loss

' ~

Nogo punished Go punished
Go to avoid ' Nogo to avoid
1 1]
e \M
0
20 40 20 40 60

Guitart-Masip et al., 2012 J Neurosci
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Avoids loss

R -
|

» Instrumental + bias

Go rewarded Nogo punished Go punished
Go to win Go to avoid Nogo to avoid
1 ] 1
)
Q)
=
= 0.5
©
O
o
o
0 0
20 40 60 20 40 60 20 40 60

Guitart-Masip et al., 2012 J Neurosci
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Probability(Go)

Instrumental + bias +

Go rewarded

Go to win

20

40

60

0.5

Nogo punished
Go to avoid

Avoids loss

' ~

20

40

~avlovian
r“ Go punished
15\*5 Nogo to avoid

L_

Guitart-Masip et al., 2012 J Neurosci
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Two-step task
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Two-step task

A reinforcement B model-based C data
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Value matters - transreinforcer blockihn

TABLE 8.4
Blocking of aversive conditioning
Conditions Stage 1 Stage 2 test
l A—= shock AX— shock X
2 control treatments AX—= shock X
3 A—— food ommission AX— shock X

Panel A -aversive excitor Panel B -attractive inhibitor

(Rescorla, 1971) (Dickinson, 1976)
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Absent model? dh
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Absent model?
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Sign-tracking in humans?

Compound fractal/tone stimuli
detemministically associated with
monetary outcomes

o
mean: 3 sec

Experimental Paradigm
Pavlovian Conditioning
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Schad et al., in prep
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Sign-tracking in humans?
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Experimental Paradigm
Pavlovian Conditioning
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Goal-tracking in humans?

Compound fractal/tone stimuli
deterministically associated with
monetary outcomes

+ 4
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3 seC »
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3 sec

T

ST: learn expected value V
GT: learn mappings T from CS to US identity

V(s) = Zw(a; s) ZT(S/|S, a)[R(s',a,s) +V(s')]

Schad et al., in prep
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Successor representation e
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Learning a successor representation#

M'(s,:)) =147 > T (s,s)M"(s, ),

M"™(s,:) «— M"(s,:) + o |1, + yM"(s',:) — M"(s, )],

—1

M" = (I —yT")

Russek et al., 2017 PLoS Biol
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Human successor learning =

Reward revaluation Control

Phase 1:
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Human successor learning

Reward revaluation I Transition revaluation Control

Phase 1:
learning
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Human successor learning

Reward revaluation I Transition revaluation Control
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Human successor learning

Reward revaluation Transition revaluation Policy revaluation Control
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